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 In this work, finite element method was used to determine the 

normalized stress intensity factors for different configurations. For 

this, a 2-D numerical analysis with elastic behavior was undertaken in 

pure I mode. This simulation was carried out using a numerical 

calculation code. On the basis of the numerical results obtained from 

the different models treated, there is a good correlation between the 

nodal displacement extrapolation method (DEM) and the energy 

method based on the Rice integral (J) to evaluate the normalized stress 

intensity factors and this for different crack lengths. For each 

configuration, the increase in the crack size causes an amplification of 

normalized intensity stresses fators. 
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I. Introduction  

Most structural engineering components fail under the action of non-static loading. The cyclical stresses 

resulting from this type of loading cause physical degradation of the materials involved. Over time, the 

accumulated damage can cause the appearance and growth of cracks that end up rendering structures or 

components unusable. This process is called "fatigue", since the alternating stresses gradually decrease the 

mechanical resistance of the material. Catastrophic mechanical failures due to the unstable spread of cracks 

originating in stress concentrators have caused financial loss and caused deaths around the world. 

Understanding the crack origin process in a given discontinuity and its propagation to failure is of fundamental 

importance for the elaboration of inspection and maintenance plans in machinery and equipment in order to 

minimize the occurrence of such deleterious processes. The use of fracture mechanics in engineering projects 

has evolved a lot in recent years, mainly due to the use of numerical methods. These are used in the 

determination of fracture toughness parameters, in the analysis of stresses and / or strains in structures 

containing cracks and in the study of crack growth. Several authors [1–4] have been studied the fracture 

problems of mechanical components by means of experimentation and numerical simulation in order to asses 

the mechanical integrity, taking into account different crack shapes in various application. Some examples of 

materials that can be analyzed by the fracture mechanics are: all high-strength materials from the aerospace 
industry [5], high-strength and low-alloy steels, cold-deformed stainless steels and in piping systems of oil [6]. 

In the same context, a thorough examination of this subject can be found in Refs. [7–13].  To determinate the 
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fracture toughness parameters, there are several methods to calculate the stress intensity factor: those that use 

the correlation of the stress fields and / or displacement at the crack tip [1], hybrid methods [14], J integral [15-

16], the approach of strain energy [17] and the virtual crack extension technique [18]. The present study aims 

to use the techniques that use the displacement field at the crack tip (Displacement Extrapolation Method: 

DEM) and (J Integral Method: JIM) to determine the normalized stress intensity factor for various geometry. 

The procedures were implemented in a commercial software for analysis by the finite element method; Abaqus 

6.14. This software allows the creation of routines, through its own programming language. Thus, becoming a 

system suitable for the implementation and performance of analysis within the field of fracture mechanics. A 

good correlation was found between the FEM simulations and the literature results. 

II. Hollow cylinder cracked under internal pressure 

II.1.  Geometrical model 

To determine the Normalized stresses intensity factor, hollow cylinders with axial external crack is considered 

by Stefan-Dan [6] and CP. Andrasic [7]. Fig 1 presents the geometrical model and the load of the series of 

hollow cylinders pressurized with an internal pressure P = 1MPa. 

 

Figure 1. Geometrical model [6]. 

The dimensions characteristics of the cylinder are as follows: 
- Internal radius: Ri =20 mm ; 

- External radius: Re =40 mm ; 

II.2. Mechanical properties 

Material used in this study is an En 24 grade steel. However, the mechanical properties are given in Tab. 1.  

Table 1. Mechanical properties [6]. 

Mechanical properties En 24 grade steel 

Yong modulus E  

(GPa) 

210 

Poisson 

coefficient 

0.3 

II.3. FE model and boundary conditions 

For each crack length, a finite element analysis was performed in order to obtain the numerical values of the 

stress intensity factor. Then, a comparison of the numerical results with those of the literature. Thus, these 
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results are exploited to determininate the displacements of the surface of crack. Considering the symmetry of 

the geo-metrical model and the loading conditions along the axe X–X, only a half of the model was simulated 

in order to minimize the time of computation. Hollow cylinder was modeled with quadratic quadrilateral 

elements with 8 nodes of type CPS8R with functions of quadratic form. The elastic analysis is performed using 

these elements and has the advantage that the stress singularity at the crack tip can be incorporated in the the 

solution by moving the eight nodes to the quarter-point locations [8]. The mesh was refined at the point of 

crack, because the results obtained converge with an optimal time. The number of elements used is 1072 for 

the cracked structure. Figure 2 shows the EF model of the studied tube. 

 

Figure 2. FE model of cracked Hollow cylinder: (a) bondoury conditions; (b) model and typical mesh; (c) 

mesh around the crack tip. 

 

The boundary conditions and the mesh are represented in figure 2a and 2b successively. Then, the results 

obtained numerically are compared with those obtained by [9]. Normalized stress intensity factors are 

clacluated by the following relation:  

  
aP

K
KSIFNormalised I

nor


)(   (1) 

Where: 

P: internal pressure; 

a: crack lengths; 

KI: stress intensity factors under pure mode I.  

II.4. Results and discussion  

The analysis was done under pure mode I tension condition for various crack lengths (a) ranging between 

ta  1.0 and ta  9.0 , where (t) is the Hollow cylinder width. Figure 3 shows the evolution of the 

normalized stresses intensity factors Knor with respect to the crack length characterized by the ratio "a/t". 
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Figure 3. Variation of Knor versus the crack length. 

It is clear from fig. 3 that the Knor value increases when the a/t ratio increases from 0.1 to 0.9. Another 
observation drawn from the results illustrated by this figure is that the curves are identical, which indicates that 

our finite element model is valid for the study of cylinders.  

In effect, Figure 4 shows the ISO values representing the distribution of the stresses of von Mises for a length 
of crack a = 18mm.  

 

Figure 4. ISO- image of the stress distributions in the vicinity of the crack lenth a=18mm 

From this figure, the stress intensity is maximum at the crack tip. 

It is well known that, a linear relation [10] links the stress intensity factor to the crack opening displacement 
(COD). Therefore, in order to check the relevance of the results obtained, the vertical displacements of the 

nodes on the crack lip obtained from the analysis by finite elements for all the crack lengths studied are  

identified.   
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Figure 5. Variation of displacements of the crack surface for different lengths of cracks 

Values of COD (Crack Opening Displacement) for all the lengths of crack are shown in Figure 5. Analysis of 
this figure shows that the size of the crack (a / t) affects significantly on the COD values, i.e. the COD value 

increases with the increase in the crack length. A similar behavior is observed for all the crack lengths. 

Consequently, this confirms the existence of a direct correlation relation between the crack opening and the 

stress intensity factors. 

III. Hollow cylinder cracked under external tension 

III.1.  Geometrical model and mechanical properties 

Consider an elastic hollow cylinder cracked under external tension [11-12] with dimensions shown in fig. 6. 

The material is assumed to be isotropic with shear modulus G = 100 Gpa and Poisson's ratio v = 0.3.  

 

 

Figure 6. Geometrical model [11]. 

The dimensions characteristics of the cylinder are as follows: 
- Internal radius: Ri =20 mm ; 
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- External radius: Re =40 mm ; 

III.2. Results and discussion  

In this study, a numerical model with the code (FEM Abaqus) was carried out for the numerical calculation of 

normalized intensity factors. Then, a comparison of the numerical results with those of the literature. The 

evolution of the normalized stresses intensity factors Knor according to the length of crack characterized by the 

ratio (a/t) is represented in figure 7.  

 

Figure 7. Variation of Knor versus the crack length 

This latter, illustrates the variation of Knor according to the variation of the crack length (a/t) for a cracked 

hollow cylinder under external tension.These results show a considerable effect on the evolution of this 

parameter Knor as a function of the size of the crack (a/t). Indeed, for a large range of (a/t), Knor 's value increases 

rapidly. In fact, normalized stress intensity factor Knor increases exponentially for high ratios (a/t) while the 

evolution of this parameter Knor is almost remains linear for low ratios (a/t). This variable behavior is probably 

related to the distribution of local stress due to the change in crack size. ie with the rigidity of the structure. 

These results clearly show the good agreement between the different techniques. 

Figure 8 present the distribution of von-mises stresses in the cracked sturucture. The crack length is taken to 

be a=18 mm.  

 

Figure 8. ISO- image of the stress distributions in the vicinity of the crack lenth a=18mm 
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From the figure above, the distubution the distribution of von-mises stresses in the vicinity of the crack shows 
that stress intensity is maximum at the crack tip (see the red intensity in fig. 8). 

The effect of crack size on the valus of COD (Crack Opening Displacement) is shown in the figure.9. 
 

 

Figure 9. Variation of displacements of the crack surface for different lengths of cracks. 

In the latter, the same tendency was observad for al configurations. Indeed, it can be seen from this figure that 

the values of COD icrease with the increase of the length crack. This tendency is in good agreement with the 

results reported in the literature. 

IV. Conclusion 

The main objective of fracture mechanics is to predict the behavior of expected cracks found in all industrial 

components subjected to mechanical stresses. Then, the present work relates to the study of the behavior of 

cracked structures in failure of in two-dimensional linear elasticity by the finite element method in pure I-

mode. The numerical results shown that: 

- For a crack structure, an increase in the size of the crack causes to an increase in the normalized stress intensity 

factor and consequently the rupture of the mechanical component. 

- Whatever the cracked geometric configuration, there is a good correlation between the nodal displacement 

extrapolation method (DEM) and the energy method based on the Rice integral (J) to evaluate the normalized 

stress intensity factor Knor. 

- The size of the crack has a significant effect on the COD values, that is to say the COD value increases with 

the increase in the crack length. 
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